T. YASUI
if $M$ is orientable or if $n$ is not a power of 2 (cf. [10, (1) and (2) in \S 1]). The following corollary is an immediate consequence of the theorem, since $H^{2n-1}(M^{*} ; Z_{2})$ is isomorphic to $H^{n-1}(M;Z_{2})$ by Thomas [17, \S 2] .
COROLLARY (Haefliger [6] ). If $H_{1}(M;Z)=0$, then $[M\subset R^{2n-1}]=\{\begin{array}{ll}H_{2}(M;Z) for even n,H_{2}(M;Z_{2}) for odd n.\end{array}$ Further, Propositions 2-4 will be shown as corollaries to the theorem. if one of the conditions (i), (ii) and (iii) is satisfied:
and either
(iii) $n\equiv 2(4)$ and $w_{1}(M)\rho_{2}H^{n-2}(M;Z)=H^{n-1}(M;Z_{2})$ .
As an example, we shall consider $[P(m, n)\subset R^{2m+4n-1}]$ for the Dold manifold
PROPOSITION 5. Let $m,$ $n\geqq 1$ with $m+2n\geqq 6$ and assume that either $m\equiv 0(2)$ or $n\equiv 0(2)$ holds. Then In fact, $\#[P(m, n)\subset R^{2m+4n-1}]$ for $m\equiv 1(2),$ $n\equiv 1(2)$ is calculated in [20] and that for $n=0$ or $m=0$ is calculated by Bausum [1] , Larmore and Rigdon [9] , Yasui [18] , and Haefliger and Hirsch [6] , [7] , because $P(m, 0)$ and $P(O, n)$ are the real and the complex projective spaces, respectively.
REMARK. The set $[M\subset R^{2n-1}]$ in case $n\equiv 1(2)$ and $w_{1}(M)\neq 0$ is not treated in this paper but this set has been studied in [20] under the condition that $H_{2}(M;Z)$ is isomorphic to a direct sum of some copies of $Z_{2}$ . has been studied by Thomas [17] , and Bausum [1] . Therefore it is important for our purpose to study the groups [8] , [12] and [1] , [17] , respectively, and that of $PM$ is well-known, and moreover the morphism $j^{*}$ and $\delta$ are given by [17, \S 2] and [19, Lemma 1.5] . From now on, we shall make much use of notations introduced in [17] and [8] First, we shall study, along the lines of Thomas [17] , the mod 2 cohomology of $M^{*}$ more exactly than [17] and so we assume that the reader is familiar with [17] . Moreover we shall quote the properties referring to $M^{*}$ and to spaces related to $M^{*}$ mainly from [17] rather than [4] . THEOREM 2.1 (Haefliger) . For an n-manifold 
(ii) $Q^{0}$ is equal to the identity, (From now on, $w_{k}$ will stand for $w_{k}(M).$ ) From (2.4) , it follows that
PROPOSITION 2.6. Let $x\in H^{r}(M;Z_{2})$ and let $U\in H^{n}(M^{2} ; Z_{2})$ is the mod 2
Thom class of M. Then the following relations hold:
PROOF. By [17, . From (2.4) and [17, Proposition 2.5 (iii)] it follows that $k^{*}( \sum_{i=0}^{(n-r)}2_{\lrcorner}u^{j+n-r-2i}\otimes(Q^{i}x)^{2})=\sum_{m\not\geqq 0}u^{j+n-m}\otimes xw_{m}$ , and from the fact that $k^{*}\phi=\phi_{2}$ and [17, by [17, (2. 2)] and therefore $U(1\otimes x1=\{\begin{array}{ll}X_{2} for n-r\equiv 1(2),X_{2}+1\otimes(Q^{(n-r)/2}x)^{2} for n-r\equiv 0(2).\end{array}$ This completes the proof.
As a corollary to the proposition, the property of [17, (7. 2)] holds and hence we have PROPOSITION 2.7 (Thomas) . Let In consequence of (2.5), Propositions 2.6 and 2.7, we have LEMMA 2.8. Let $\iota_{\Gamma}\cong H^{r}(M;Z_{2})$ . Then the follo wing relations hold:
Lastly, we study the actions of $Sq^{i}(i=1,2)$ on $H^{*}(M^{*} ; Z_{2})$ . LEMMA 2.9. Let $x_{r}\in H^{r}(M;Z_{2})$ . Then the following relations hold:
PROOF. The relations (1) $-(5)$ are seen to be immediate consequences of Lemma 2.8 and the following fact, which is shown by Bausum [1, Lemmas 11 and 24] : if $x\in H^{r}(M;Z_{2})$ , then $Sq^{1}(u^{i}\otimes x^{2})=\{\begin{array}{ll}(i+r)u^{i+1}\otimes x^{2} for i>0,ru\otimes x^{2}+Sq^{1}x\otimes x+x\otimes Sq^{1}x for i=0,\end{array}$ $Sq^{2}(u^{i}\otimes x^{2})=\{\begin{array}{ll}u^{i+2}\otimes x^{2}+u^{i}\otimes(Sq^{1}x)^{2} for i>0,u^{2}\otimes x^{2}+1\otimes(Sq^{1}x)^{2}+Sq^{2}x\otimes x+x\otimes Sq^{2}x fori=0.\end{array}$ REMARK. This lemma, essentially, overlaps with the results of Bausum [1] .
But his relations are not in $\rho H^{*}(\Gamma M;Z_{2})=H^{*}(M^{*} ; Z_{2})$ and we would like to describe the actions of $Sq^{i}$ in terms of the elements in $\rho H^{*}(\Gamma M;Z_{2})$ . Since $\rho=p^{\prime*}-1i^{\prime*}$ by (2.2) , it follows that $i^{*}=\rho q^{\prime*}$ .
Moreover it follows that by [17] . Therefore we have Hence $x\mathfrak{G}1-1\otimes x=q^{*}q^{\prime*}(\Lambda x)=z+\lambda U$ in $H^{n}(M^{2} ; Z_{2})$ by (3.1), (3.4) and [17] , and so $z=x\otimes 1+1\otimes x+\lambda U$ ( $\lambda=0$ or 1).
Thus we have
$i^{*}(\Lambda x)=\rho z=\rho(x\otimes 1+1\otimes x+\lambda U)$ ( $\lambda=0$ or 1) and the proof of (1) is complete. The proof of (2) follows immediately from (1) and the relation $U(x\otimes 1)=U(1\otimes x)$ (cf. [11, Lemma 11.8]). . Then $\tilde{\rho}_{r}$ and $\tilde{\beta}_{r}$ for $v=0$ are the ordinary ones $\rho_{r}$ and $\beta_{r}$ , respectively.
\S 4. Groups
Moreover, the following relations are well-known ([3] and [14] ): is given by [19, \S 5] (cf. [8] ) and that of $PM$ is given by Rigdon [13, \S 9] as follows: The morphism $\delta$ on $H^{2n-2}(PM;Z[v])$ has been studied in [19, Lemma 3.2] while
)$ is given in the same way as before, $i.e.$ , by using (1.5), (5.1) and [8] , as follows:
Therefore, the exact sequence in Lemma 1.3 leads to the lemma. by (1.4) and (4.1), and hence (1) Milnor [11] . Notice that In the rest of this section, assume that $n$ is odd and that $M$ is an orientable n-manifold. Therefore, $i^{*}\Delta(x_{j}, x_{i})$ is of infinite order for $1\leqq j<i\leqq\alpha$ and $i^{*}\tilde{\beta}_{r(j)}\Delta(y_{j}, \rho_{r(j)}x_{i})$ is of order $r(j)$ for $1\leqq i\leqq\alpha<j\leqq\beta$ or $\alpha<j<i\leqq\beta$ , since the same is true of REMARK. The elements of (1) for odd $n$ (not necessarily $w_{1}=0$ ) always belong to ${\rm Im}\Theta$ and so do those of (4) and (5) PROOF. By Lemma 7.1, the conditions (i), $\cdots$ , (iv) imply that $\Theta$ is surjective by the elements in (1) , (2), (1) and (4) , and (6) being the m-sphere and the complex projective space of complex dimension $n$ , respectively. In particular, $P(m, 0)$ and $P(O, n)$ are the real and the complex projective spaces. Dold [2] has stated that The integral cohomology group of $P(m, n)$ is determined, by using (8.1), as follows: (8.3) If $7n,$ $n>0$ , then $H^{m+2n-1}(P(m, n);Z)=\{\begin{array}{ll}Z_{2}\langle\beta_{2}(c^{m-2}d^{n})\rangle for m+n\equiv 1(2), m\geqq 2,Z\langle C^{m-1}D^{n}\rangle for m+n\equiv 1(2), m=1,0 for m+n\equiv 0(2);\end{array}$ $H^{m+2n-2}(P(m, n);Z)=\{\begin{array}{ll}Z_{2}\langle\beta_{2}(c^{m-1}d^{n-1})\rangle for m+n\equiv 1(2),Z\langle C^{m}D^{n-1}\rangle+Z_{2}\langle\beta_{2}(c^{m-3}d^{n})\rangle for m+n\equiv 0(2), m\geqq 3, Z\langle C^{m}D^{n-1}\rangle+Z\langle C^{m-2}D^{n}\rangle for m+n\equiv 0(2), m=2, Z\langle C^{m}D^{n-1}\rangle for m+n\equiv 0(2), n\iota=1;\end{array}$ $\rho_{2}H^{m+2n-3}(P(m, n);Z)=\{\begin{array}{ll}Z_{2}\langle c^{m-3}d^{n}\rangle for m+n\equiv 1(2), \prime n\geqq 3,0 for m+n\equiv 1(2), m=1,2Z_{2}\langle c^{m-1}d^{n-1}\rangle for m+n\equiv 0(2).\end{array}$
